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THE LOCAL EQUIVARIANT TAMAGAWA NUMBER
CONJECTURE FOR ALMOST ABELIAN EXTENSIONS
JENNIFER JOHNSON-LEUNG
Abstract. We prove the local equivariant Tamagawa number
conjecture for the motive of an abelian extension of an imaginary
quadratic field with the action of the Galois group ring for all split
primes p 6= 2, 3 at all integer values s < 0.
1. Introduction
Since Dirichlet’s remarkable proof of the analytic class number for-
mula in the first half of the nineteenth century, conjectures on the rela-
tionship between the values of L-functions and invariants of arithmetic
objects have motivated a great deal of research. The equivariant Tam-
agawa number conjecture (ETNC) is a unifying statement concerning
the special values of motivic L-functions which encompasses both the
Birch and Swinnerton-Dyer conjecture and the generalized Stark con-
jectures. It is a deep and sweeping assertion which has yielded to proof
in very few cases. The Tamagawa number conjecture builds on the
conjectures of Beilinson [Bei], predicting that the L-values of smooth
projective varieties over Q are given by period integrals and regula-
tor maps, up to a rational factor, q. Bloch and Kato [BK], further
predicted that the rational number q is given in terms of Tamagawa
numbers and the order of a certain Tate-Shafarevic group. This con-
jecture was reformulated by Fontaine and Perrin-Riou [FPR] in a lan-
guage that was naturally extended to motives with extra symmetries
by Burns and Flach [BF2, BF3]. There are two equivalent formulations
of the conjecture. The first is a global formulation that concerns of the
vanishing of a certain element in relative K-theory. The second is a
local formulation that concerns the equality of two lattices.
In this paper, we study the conjecture for the motive of an abelian
extension of an imaginary quadratic field. We call these almost abelian
extensions because there are many similarities to the case of absolutely
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abelian extensions stemming from the fact that an imaginary quadratic
field has only one archimedean place. Notice that as this place is com-
plex, the local conjecture at the prime 2 will be less complicated than
in the case of absolutely abelian extensions [F4]. However, we do not
consider the prime 2 in this paper. Our main result is a proof of
the local ETNC at all split primes ℓ ∤ 6 at negative integer values of
the L-function. Bley also considers the case of abelian extensions of
imaginary quadratic fields for the L-value at 0 [Bl]. His proof has re-
strictions similar to those in this work stemming from the vanishing of
the µ-invariant of a certain Iwasawa module. It would be quite nice to
prove compatibility of the conjecture with the functional equation for
this class of motives as well, as the combination of these results would
give the conjecture at any integer value of the L-function.
The only completely proven case of the equivariant Tamagawa num-
ber conjecture is the proof of Burns, Flach, and Greither for abelian
extensions of Q [BG, BF4, F4]. Huber and Kings proved independently
a slightly weaker version of this cyclotomic case [HK2] which has since
been strengthened to a full proof by work of Witte [Wi]. Even partial
results are quite more sparse. Burns and Flach give a proof for an
infinite family of quaternion extensions [BF3], and Navilarekallu gives
a method of proof for A4 extensions which he employs for a specific
case [Na]. There are also several theorems that are not equivariant.
Gealy recently proved a weakened version of the Tamagawa number
conjecture for modular forms of weight greater than 1 [Ge]. Kings also
proved a weakened version for elliptic curves with CM by an imagi-
nary quadratic field of class number 1 [K2]. In both of these cases, the
conjecture must be weakened because it is not known that the motivic
cohomology groups are finitely generated. By working with the con-
structible part of the group, however, a proof can be given. Bars builds
on work of Kings to give some non-equivariant results for Hecke char-
acters of imaginary quadratic fields [Ba]. The survey papers of Flach
[F2, F3] include a nice formulation of the local version of the equivari-
ant Tamagawa number conjecture for arbitrary motives over Q and
discusses the proven cases. We strive here to keep notation consistent
with this overview.
This paper is an improvement of the main result in the author’s
thesis, and so many thanks are due her thesis advisor, Matthias Flach.
She would also like to thank Werner Bley, Matthew Gealy, and Guido
Kings for very helpful conversations and the referee for a careful reading
of the manuscript.
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1.1. Notation. Let K be an imaginary quadratic field with ring of
integersOK and let f be an integral ideal ofOK . We will letK(f) denote
the ray class field of K of conductor f. By a CM pair of modulus f over
a number field F , we mean a pair (E, α) where E is an elliptic curve
over F with complex multiplication by OK and such that the inculsion
of OK into F factors through End(E), and α ∈ E(C) is a primitive
f-division point. By [Ka, 15.3.1], there is a CM pair of modulus f
over K(f) which is isomorphic to (C/f, 1 mod f) over C. This pair is
unique up to isomorphism, and whenever O×K → (OK/f)× is injective
the isomorphism is unique. Denote (C/f, 1 mod f) the canonical CM
pair.
We will make repeated use of the graded determinant functor Det of
Knudsen and Mumford [KM]. Let R be a commutative ring, and P a
projective R-module. The determinant of P is the invertible R-module
DetRP :=
rkRP∧
R
P.
If C : · · · → P i−1 → P i → P i+1 → ··· is a perfect complex of projective
R-modules, the determinant of the complex is defined to be the graded
invertible R-module
DetRC :=
⊗
i∈Z
Det
(−1)i
R P
i
and depends only on the quasi-isomorphism class of C. Indeed, if the
cohomology groups H i(C) are all perfect, one has
DetRC =
⊗
i∈Z
Det
(−1)i
R H
i(C).
2. The Main Theorem
Let F be an abelian extension of K with Galois group G. We consider
the Chow motive M = h0(Spec(F ))(j) where j is a negative integer.
2.1. The local statement of the ETNC. We will formulate the
equivariant Tamagawa number conjecture (ETNC) for this motive. M
carries an action of the semisimple Q-algebra A = Q[G]. We study M
via its realizations and the action of A on these spaces, focusing on the
Betti realization
MB = H
0(Spec(F )(C),Q(j)),
which carries an action of complex conjugation, the de Rham realiza-
tion
MdR = H
0
dR(Spec(F )/Q)(j),
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with its Hodge filtration, and the ℓ-adic realization
Mℓ = H
0
et(Spec(F )×Q Q¯,Qℓ(j))),
which is a continuous representation of Gal(Q¯/Q). The A-equivariant
L-function of M is defined via an Euler product
L(AM, s) =
∏
p
DetA(1− Frob−1p · p−s |M Ipℓ )−1.
The leading term of the Taylor expansion at s = 0 decomposes over
the characters of G
L∗(AM) = (L′(η, j))η∈Gˆ ∈ (A⊗Q R)×.
We can now introduce one of the key objects in this formulation of the
Tamagawa number conjecture: the fundamental line is the A-module
Ξ(AM) = DetA(K1−2j(OF )∗ ⊗Z Q)⊗A Det−1A (M+B ),
where + denotes the invariants under complex conjugation andK1−2j(OF )∗
is the dual of the algebraic K-group K1−2j(OF ) = K1−2j(F ). This
“line” is the tool which enables the comparison of the L-value with
algebraic invariants of the number field.
Borel’s regulator [Bor], is an isomorphism
K1−2j(OF )⊗Z R ρ∞−−→
(⊕
σ∈T
C/R · (2πi)1−j · σ
)+
where T = Hom(F,C). Since j < 0, K1−2j(OF ) ≃ K1−2j(F ). For an el-
ement,
∑
σ∈T xσ·σ, the Galois group acts via g·
(∑
σ∈T x · σ
)
=
∑
σ∈T x·
g−1σ. With this action, ρ∞ is A-equivariant just as in the case of
the Dirichlet regulator. Now,the R-dual of
(⊕
σ∈T C/R · (2πi)1−j · σ
)+
is identified with M+B ⊗Q R by taking invariants in the Gal(C/R)-
equivariant perfect pairing⊕
σ∈T
R · (2πi)j ×
⊕
σ∈T
C/R · (2πi)1−j →
⊕
σ∈T
C/2πi · R Σ−→ R
induced by multiplication. Hence, the dual of the Borel regulator in-
duces an A-equivariant isomorphism
ϑ∞ : A⊗Q R→ Ξ(AM)⊗Q R.
Note that the L∗(AM) lies in the domain of this isomorphism, and
Gross conjectured that its image lies in the rational space Ξ(AM)⊗Q 1
[N]. This “Stark-type” conjecture says that up to a rational factor, the
L-value is given by the Borel regulator and was proved by Deninger
[D2] in his work on the Beilinson conjectures for Hecke characters of
imaginary quadratic fields.
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Fix a prime number ℓ, let S be a set of primes containing ℓ, ∞,
and the primes which ramify in F , and let Aℓ = A ⊗Q Qℓ. We now
concern ourselves with the ℓ-part of the rational factor by considering
the isomorphism induced by the Chern class map and the cycle class
map
ϑℓ : Ξ(AM)⊗Q Aℓ → DetAℓ(RΓc(Z[
1
S
],Mℓ)),
where the right hand side denotes the cohomology with compact sup-
ports as defined by the mapping cone
RΓc(Z[
1
S
],Mℓ)→ RΓ(Z[ 1
S
],Mℓ)→
⊕
p∈S
RΓ(Qp,Mℓ),
The conjecture then compares a natural lattice in the right hand side of
this isomorphism to the lattice generated by the image of L∗(AM). To
construct the lattice, we choose the order Z[G] in A and the Gal(Q¯/Q)-
stable projective Zℓ[G]-lattice
Tℓ = H
0(Spec(F ⊗Q Q¯),Zℓ(j)).
Conjecture (Local ETNC). There is an equality of lattices
ϑℓϑ∞(L∗(AM)−1) · Zℓ[G] = DetZℓ[G]RΓc(Z[
1
S
], Tℓ).
inside of DetAℓRΓc(Z[
1
S
],Mℓ).
The ETNC for number fields is equivalent to the statement that the lo-
cal conjecture holds at every prime number ℓ. This determines L∗(AM)
up to a unit in Z[G]. Notice that the ETNC depends on the choice of
order but is independent of the choice of S and Tℓ [F1]. This indepence
of lattice is exploited to prove the main results of [JLK] which will be
an important ingredient in the proof of our main theorem.
Main Theorem. Let F be an abelian extension of an imaginary qua-
dratic field K with Galois group G. Then the local equivariant Tam-
agawa number conjecture is valid for the motive h0(Spec(F ))(j) for
j < 0 at every rational prime p ∤ 6 which splits in K.
Remark 2.1. The restriction to split primes can be lifted whenever the
µ-invariant of a certain Iwasawa module can be shown to vanish, as
discussed in Section 4.
2.2. Proof strategy. We first reduce to the case that F = K(m) is the
ray class field of conductor m where the only root of unity in K which
is congruent to 1 modulo m is 1 by applying the general functoriality
result of Burns and Flach [BF2, Prop 4.1 b)]. Let Gm denote the
Galois group Gal(K(m)/K). The conjecture asserts an equality of rank
6 JOHNSON-LEUNG
1 Zℓ[Gm]-modules inside of DetAℓRΓc(Z[
1
S
],Mℓ). Our strategy is to
compute a generator of each of these modules. By a rational character
of Gm, we mean an Aut(C) orbit of complex characters of Gm. The
group ring A = Q[Gm], splits as a product of number fields indexed by
these rational characters χ of Gm, and thus Aℓ splits as well. Hence, it
suffices to compare our generators character by character. In section
3 we compute the image of L∗(AM) under the composition ϑℓϑ∞. In
section 4 we compute a basis of DetZℓ[G]RΓc(Z[
1
S
, Tℓ) via descent from
the Iwasawa main conjecture and show that it coincides with the image
of L∗(AM), completing the proof.
3. The image of the L-value
Let χ be a character of Gm of conductor fχ. If fχ 6= m, then χ
is induced from a character of Gfχ. The Dirichlet L-function of χ
differs from the Artin L-function of χ as a Gm representation by a
finite number of Euler factors
LD(χ, s) =

 ∏
p|m,p∤fχ
(1− χ(p)N p−s)

L(χ, s).
In [D1, D2] Deninger constructs elements in motivic cohomology in or-
der to prove the Beilinson conjecture for Hecke characters of an imag-
inary quadratic field. We will use these motivic elements to prove our
main theorem, but as we seek a finer result about the value L∗(AM),
we will have to revisit some details of the proof as well. We first trans-
late our question to the setting of Hecke characters by twisting χ by
the norm character of K to obtain a Hecke character of weight 2,
ϕχ = χNK/Q.
Let E be an elliptic curve defined over K(m) with complex multipli-
cation by OK where E has the additional property that the Serre-
Tate character factors through the norm map from K(m) to K. Let
A = RK(m)/KE be the Weil restriction of the elliptic curve. Then A
is an abelian variety over K with CM by a semisimple K-algebra T
and with Serre-Tate character ϕA. Deninger proves that any Hecke
character ϕ of weight w > 0 is of the form
w∏
i=1
λi ◦ ϕA =
w∏
i=1
ϕλi
where λi ∈ Hom(T,C), [D2, Prop 1.3.1]. We choose once and for all a
type (1, 0) character ϕ with NK/Q = ϕϕ¯ and take m to be a multiple
ENTC FOR ALMOST ABELIAN EXTENSTIONS 7
of the conductor of ϕ. Then we have
ϕχ = ϕλ1ϕλ1
and m is a multiple of the conductors of λ1 and λ2.
3.1. Torsion points. Deninger computes the special values of the L-
function of such Hecke characters in terms of torsion points on E. Let
f be an ideal of OK and let ρf ∈ A∗K be an ide`le with ideal f. Choose
an approximation ff ∈ K∗ with
(3.1)
vp(ff) ≤ 0 if p ∤ f
vp(f
−1
f − (ρf)−1p ) ≥ 0 if p | f.
We also fix an isomorphism
θE : OK ≃ EndK(m)(E)
such that θ∗E(k)ω = kω for all ω ∈ H0(E,Ω1E/K(m)) and an embedding
τ0 of K(m) into C such that j(E) = j(OK). Then we have a complex
isomorphism
E(C) ≃ C/Γ where Γ = ΩOK
for some Ω ∈ C. This choice is non-canonical and determines a class in
the Betti cohomology of E. If z ∈ C, we let ([z]) denote the point on
E under this isomorphism. Now fβ = ([Ωf
−1
f ]) is a point in E[f] which
is rational over K(f).
Fix a set of ideals
{bg ⊆ OK}g∈Gm
with Artin symbol (bg, K(m)/K) = g ∈ Gm. For g ∈ Gm, let gE be the
curve obtained by base change according to the diagram
gE //

E

Spec(K(m))
g∗ // Spec(K(m))
We denote the period lattice of gE by Γg. Following Deninger, for any
ideal a ⊆ OK which is prime to the conductors of ϕλ1 and ϕλ2 we define
Λ(a) ∈ K(m)× by
ϕA(a)∗ω(a,K(m)/K) = Λ(a)ω
where ωg ∈ H0(Eg,Ω1) has period lattice Γg and ϕA(a) ∈ T× is viewed
as an isogeny E → (a,K(m)/K)E. Now we can consider a family of f-
torsion points on the conjugates of E,
fβg = ([Λ(bgΩf
−1
f )])
with an action of Gm given by
h
fβg = fβhg.
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Proposition 3.1. [D2, (3.4)] Let χ be a character of Gal(K(m)/K) of
conductor fχ = f. The Artin L-series L(χ, s) has a first order zero for
every s = j < 0, and the special value is given by the formula
L′(χ, j) = (−1)jΦ(f)(−j)!
2
Φ(m)
(√
dKN f
2πi
)−j
χ(ρf)
∑
g∈Gm
χ(g)A(Γg)
1−j ∑
06=γ∈Γg
(fβg, γ)g
|γ|2−2j ,
where Φ is the totient function, dK is the discriminant of K, for any
Z-basis of Γg with Im(u/v) > 0, A(Γg) = (u¯v − v¯u)/2πi), and
(, )g : C/Γg × Γg → U(1)
given by (z, γ)g = exp(A(Γg)
−1(zγ¯ − z¯γ)) is the Pontrjagin pairing.
This formula is the essential first step to proving the ETNC as it
describes the L-value in terms of points on an elliptic curve. These
points can then be used to construct elements in motivic cohomology.
Notice that the formula is unchanged if we consider χ to be a rational
character of Gm in the sense that it represents equality of tuples
(L′(η, j))η∈χ =
(
(−1)jΦ(f)(−j)!
2
Φ(m)
(√
dKN f
2πi
)−j
η(ρf)
∑
g∈Gm
η(g)A(Γg)
1−j ∑
06=γ∈Γg
(fβg, γ)g
|γ|2−2j
)
η∈χ,
Where η is a complex character which is in the orbit represented by
the rational character χ.
3.2. Eisenstein Symbol. The Eisenstein symbol, originally constructed
by Beilinson, is roughly a map from torsion points of an elliptic curve
to the cohomology of a power of the curve. There are several variations
of Eisenstein symbol in the literature. In particular, Deninger uses a
variation for which the domain is divisors of degree zero and defines a
degree zero divisor
fβ
′ = fβ +
1
N˜4−2j − 1(0)−
N˜2−2j
N˜4−2j − 1
∑
p∈E(C)[N˜ ]
(p)
to construct the motivic elements. Here N˜ ≥ 2 is an auxiliary integer.
However, this approach would cause a technical difficulty for us when
we consider the ℓ-adic regulator. Thus, we introduce our variation in
the following lemma and show that it is compatible with Deninger’s
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construction. Note that this is used implicitly in work of Kings [K2],
which we will discuss in section 3.4.
Lemma 3.2. Let E be an elliptic curve. For any k > 0, there is a
variation of the Eisenstein symbol EkM : Q[E[f] \ 0]→ Hk+1M (Ek, k + 1)
which is defined for divisors of any degree. Moreover,
EkM(fβ ′) = EkM(fβ).
Proof. For N = N f ≥ 3, let M be the modular curve parameterizing
elliptic curves with full level N structure, and let E be the universal
elliptic curve overM . Choose a level N structure on E, α : (Z/NZ)2
∼→
E[N ], rational over some extension K ′ of K(m). By the universality of
E, we have the following diagram depending on the choice of level-N
structure.
E
α∗ //

E

Spec(K ′) // M
Denote by E˜0 the fiber over the cusps of the connected component of the
generalized elliptic curve over the compactification of M . Then we can
define Isom = Isom(Gm, E˜
0
Cusp). Isom is a µ2 torsor over the subscheme
of cusps, and we consider the subsetQ[Isom](k) ⊆ Q[Isom] where µ2 acts
by (−1)k. Define the horospherical map ̺k : Q[E[N ]]0 → Q[Isom](k)
explicitly by
̺k(ψ)(g) =
Nk
k!(k + 2)
∑
t
ψ(g−1t)Bk+2(
t2
N
),
where t = (t1, t2) ∈ (Z/NZ)2 and Bk(x) is the kth Bernoulli polyno-
mial. When k > 0, ̺ is well-defined for divisors of any degree.
For an elliptic curve over any base, Beilinson [Bei] constructs an
Eisenstein symbol EkM : Q[E[N ]]0 → Hk+1M (Ek, k+1) which is preserved
under base change. For the universal elliptic curve E, we also have a
boundary map
resk : Hk+1M (E
k, k + 1)→ Q[Isom](k)
coming from the long exact cohomology sequence, and another map
also called the Eisenstein symbol
Eisk : Q[Isom](k) → Hk+1M (Ek, k + 1)
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with resk◦Eisk = id. The following diagram commutes when restricting
to degree zero divisors.
Q[E[N ]]
̺ // Q[Isom](k)
Eis// Hk+1M (E
k, k + 1)
α∗

Q[E[N ]]0
Ek
M //
α
OO
Hk+1M (E
k, k + 1)
Indeed, the horospherical map above was computed by Schappacher
and Scholl to be the composition EkM ◦ resk [SS]. Combining this fact
with base change, the diagram commutes, and we can compute the
Eisenstein symbol at torsion points on the elliptic curve. Moreover,
this computation does not depend on the choice of full level structure
since the assignment of Eisenstein symbols commutes with the GL2
action on the torsion sections and is thus invariant under the trace
Y (N)→ Y1(N) [K1, Lemma 3.1.2]
To show that EkM(fβ ′) = EkM(fβ), it suffices to show that
fβ
′ − fβ ∈ ker ̺,
As the action of Gm preserves the identity section on the curve,
̺−2j(0)(g) =
N−2j
(−2j)!(2− 2j)B2−2j(0).
We compute
̺−2j

 ∑
p∈E(C)[a]
(p)

 (g) = a−2j
(−2j)!(2− 2j)
∑
(p)=(t1,t2)∈(Z/aZ)2
B2−2j
(
t2
a
)
=
a1−2j
(−2j)!(2− 2j)
a−1∑
i=0
B2−2j
(
i
a
)
.
Moreover, the distribution relation
Bk(X) = a
k−1
a−1∑
i=0
Bk
(
X + i
a
)
implies that
̺−2j

 ∑
p∈E(C)[a]
(p)

 (g) = 1
a2−2j
̺−2j(0)(g),
which completes the proof of the lemma. 
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In order to study Hecke characters of K(m), we must consider the
image of the elements above in the cohomology of the number field.
To this end, Deninger constructs the Kronecker map, KM, which is a
projector given by the composition
H1−2jM (E
−2j, 1− 2j)(id,θE(
√
dK)
−j,∗
//
KM **❯❯❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯
H1−2jM (E
−j, 1− 2j)
π−j,∗

H1M(Spec(K(m)), 1− j),
where the map π−j∗ is a proper push forward.
3.3. Deninger’s Theorem. We now have the tools to prove the fol-
lowing adaptation of [D2, Theorem 3.1].
Theorem 3.3. For every ideal f | m, there are motivic elements
ξf(j) ∈ H1M(K(m), 1− j)
with the property that if χ is a rational character of Gm of conductor
f, then
eχ(ρ∞(ξf(j))) =
(2N f)−(1+j)Φ(m)
(−1)1+j(−2j)!Φ(f)L
′(χ¯, j)ηQ.
where ηQ = eχ·τ0 is a basis of the χ-component of (H0B(Spec(F )(C),Q(j))+)∗,
and Φ is Euler’s totient function. Moreover, the resulting elements
the Betti cohomology form a norm-compatible system in the following
sense: If χ is a character of conductor f, then
eχ(ρ∞(wf/wpfTrK(pf)/K(f)ξfp(j)) =
{
eχ(ρ∞(ξf(j)) p | f
(1− χ¯(p)N p−j)eχ(ρ∞(ξf(j)) p ∤ f.
Remark 3.4. The trace map in the above theorem should be understood
as corestriction. Moreover, this compatibility should already hold for
the elements ξf(j), as under the ℓ-adic regulator these are the pullback
of the polylogarithm sheaf. In fact, Scholl proves some compatibility
for the Eisenstein symbol on the universal elliptic curve in [Sch, A.2],
but the above theorem is sufficient for our purposes.
Proof. Recall that we have fixed a choice of an embedding τ0 : K →֒ C
and of a uniformization E ≃ C/ΩOK . The torsion point fβ is de-
pendent on the choice of ide`le ρf. By the main theorem of complex
multiplication, the Artin symbol
Art(ρf)
−1 : E → Art(ρf)E
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maps the pair (E(C), fβ) to (C/Ωf, 1 mod Ωf) since fβ = Ωf
−1
f and the
ideal
f−1f (ρf) ≡ 1 mod f.
Indeed, the restrictions on the valuation of ff at each prime p | f in
(3.1), give that
ρf,p/ff ∈ 1 +mordpfp
where mp is the maximal ideal in the local ring OKp. Moreover, one
may choose the ide`les ρ to be multiplicative in the sense that ρfp = ρfρp.
Thus we define our motivic elements
ξf(j) :=
{
KME−2j(Art(ρf)−1fβ) N f ≥ 3
KME−2j(Art(ρf)−1fβ ′) N f ≤ 2
where fβ
′ is the degree zero divisor used by Deninger. Notice that the
computation of the ℓ-adic regulator is not possible for these divisors,
but the norm compatibility allows us to bypass this difficulty.
For an f-torsion point of E, we define the function
Mj(x) =
∑
06=γ∈Γg
(x, γ)g
|γ|2(1−j) .
In [D2, 3.2], Deninger computes that for an embedding τ of F into C,
ρ∞(KME−2jM (fβ ′))τ = −
(N˜2N f)−2jA(Γτ )1−j(−j)!2
2(−2j)! (2
√
dK)
−jMj(fβ ′τ ).
Deninger shows that we obtain a similar result when considering the
original torsion point fβ. Indeed, by loc. cit. (2.6),
N˜−4jMj(fβ ′g) =Mj(fβg).
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For our purposes we must distinguish between the group Gm and the
principal homogeneous space of embeddings HomK(K(m),C), so ap-
plying lemma 3.2 we compute
ρ∞(ξf(j))
=
∑
τ∈T
(2πi)j
(
−N f
−2jA(Γτ )1−j(−j)!2
2(−2j)!(2√dK)j
Mj(Art(ρf)−1fβτ )
)
· τ
=
∑
g∈Gm
(2πi)j
(
−N f
−2j−1A(Γg)1−j(−j)!2
2(−2j)!(2√dK)j
Mj(fβArt(ρf)−1g)
)
· gτ0
=
∑
g∈Gm
(2πi)j
(
−N f
−2j−1A(Γg)1−j(−j)!2
2(−2j)!(2√dK)j
Mj(fβg)
)
· Art(ρf)gτ0
=
∑
g∈Gm
g−1Art(ρf)−1(2πi)j
(
−N f
−2j−1A(Γg)1−j(−j)!2
2(−2j)!(2√dK)j
Mj(fβg)
)
· τ0.
The analysis over Q[Gm] is done character by character, so one projects
to the χ-isotypical component
(3.2) eχ(ρ∞(ξf(j)) =(∑
g∈Gm
−N f
−2j−1A(Γg)1−j(−j)!2
2(−2j)!(2√dK)j
Mj(fβg)χ¯(g)χ¯(ρf)
)
· ηQ
where ηQ = eχ · (2πi)jτ0 is the basis of eχ
(
M+∗B
)
determined by the
choice of embedding. Comparing equation (3.2) with the formula in
proposition 3.1 we have the first part of the theorem. A careful reader
will note that there is a difference of a factor of N f between our formula
and Deninger’s formula. This is due to the fact that we scale ρ∞ by
that factor in have agreement with [HK1].
To deduce the norm compatibility, we first note that corestriction
commutes with the regulator map, so it suffices to study the elements
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wf/wpfTrK(pf)/K(f)ρ∞(ξfp(j)). By the computation in (3.2) we have that
TrK(pf)/K(f)ρ∞(ξfp(j))
= TrK(pf)/K(f)
∑
g∈Gm
−g−1Art(ρfp)−1(2πi)j
N fp−2jA(Γg)1−j(−j)!2
2(−2j)!(2√dK)j
Mj(fpβg) · τ0
=
∑
g∈Gm
−g−1Art(ρfp)−1(2πi)j
N fp−2jA(Γg)1−j(−j)!2
2(−2j)!(2√dK)j
TrK(pf)/K(f)Mj(fpβg) · τ0.
Focusing on Mj, we proceed by taking first the case of p | f.
TrK(pf)/K(f)Art(ρp)
−1Mj(fpβg) =TrK(pf)/K(f)Art(ρp)−1Mj(fpβg)
=TrK(pf)/K(f)Mj(Frobp fpβg)
=wpf/wf
∑
u∈Frob−1,∗p fβg
Mj(fβg + u)
=wpf/wfN p2jMj(fβg)(3.3)
Here the u are the primitive pth roots of pβg resulting from pulling
back by the isogeny E
Frob−1p→ FrobpE, and the equality in (3.3) follows
from a formula in the proof of [D2, prop. 2.6]. Now in the case that
p ∤ f, there is a unique point u0 which is not a primitive root and hence
in Frob−1∗p fβg but not a conjugate of any primitive root. We add and
subtract this point from the trace to conclude that
Art(ρp)
−1TrK(pf)/K(f)Mj(fpβg) = (1− Frob−1p )wpf/wfN p2jMj(fβg).
Thus, we have shown that for a character χ of conductor f
eχ(ρ∞(wf/wpfTrK(pf)/K(f)ξfp(j)) =


Rf,jL
′(χ¯, j)ηQ p | f
(1− χ¯(p)N p−j)Rf,jL′(χ¯, j)ηQ p ∤ f,
where
Rf,j =
(−2N f)−1−jΦ(m)
(−2j)!Φ(f) .

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3.4. ℓ-adic regulator. We now study the image of the elements ξf(j)
under the e´tale Chern class map, which can be considered an ℓ-adic
regulator. We begin this section with a brief review of the Euler system
of elliptic units. We use Kato’s description of these elements, and refer
to [F3] for a comparison with more classical constructions.
Lemma 3.5. ([Ka, 15.4.4] Let E be an elliptic curve over a field F
with complex multiplication OK ∼= EndF (E) and let a be an ideal of
OK prime to 6. Then there is a unique function
aΘE ∈ Γ(E \ aE,O×)
satisfying
(i) div(aΘE) = Na · (0)−Ea, where Ea denotes the a-torsion points
of E.
(ii) For any b ∈ Z prime to a we have Nb(aΘE) = aΘE where Nb is
the norm map associated to the finite flat morphism E \Eba →
E \ Ea given by multiplication with b.
Moreover, for any isogeny φ : E → E ′ of CM elliptic curves where
EndF (E
′) = OK , we have φ∗(aΘE) = aΘE′, in particular property (ii)
also holds with b ∈ OK prime to a.
Given f 6= 1 and any (auxiliary) a which is prime to 6f we define an
analog of the cyclotomic unit 1− ζf by
azf = aΘC/f(1)
and for f = 1 we define a family of elements indexed by all ideals a of
K by
u(a) =
∆(OK)
∆(a−1)
.
where ∆(τ) = qτ
∏
(1 − qnτ )24 for qτ = e2πiτ is the Ramanujan ∆-
function.
Lemma 3.6. [F3, Lemma 2.2] The complex numbers azf and u(a) sat-
isfy the following properties
a) (Integrality)
azf ∈
{
O×K(f) f divisible by primes p 6= q
O×K(f),{v|f} f = pn for some prime p
u(a) · OK(1) = a−12OK(1)
b) (Galois action) For (c, fa) = 1 with Artin symbol Art(c) ∈
Gal(K(f)/K) we have
az
Art(c)
f = azc−1f; u(a)
Art(c) = u(ac)/u(c).
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This implies as in 3.5
az
Nc−Art(c)
f = cz
Na−Art(a)
f ; u(a)
1−Art(c) = u(c)1−Art(a).
c) (Norm compatibility) For a prime ideal p one has
NK(pf)/K(f)(azpf)
wf/wpf =


azf p | f 6= 1
az
1−Frob−1p
f p ∤ f 6= 1
u(p)(Art(a)−Na)/12 f = 1
e) (Kronecker limit formula). Let η be a complex character of Gf.
If f = 1 and η 6= 1 choose any ideal a so that η(a) 6= 1. Then
L(η, 0) = ζK(0) = − h
w1
R η = 1
d
ds
L(s, η)|s=0 =− 1
1− η(a)
1
12w1
∑
σ∈G1
log |σ(u(a))|η(σ) η 6= 1, f = 1
d
ds
L(s, η) |s=0=− 1
Na− η(a)
1
wf
∑
σ∈Gf
log |σ(azf)|η(σ) f 6= 1.
Remark 3.7. (i) The relations in b) show the auxiliary nature of a. (ii)
The Galois action in b) together with the invariance under homothety
shows that the Galois conjugates of azf are the numbers aΘE(α) where
(E, α) runs through all pairs with E/C an elliptic curve and α ∈ E(C)
a primitive f-division point.
We compute the image of ξf(j) under the e´tale Chern class map ρet
in terms of elliptic units.
Theorem 3.8. For all 1 6= f | m, we have that
ρet(ξf(j)) =
N f−1−jwf
(N a− Art(a))(−2j)!∏l|ℓ(1− Frob−1l ) ·
(
TrK(ℓnf)/K(f)azℓnfζ
⊗−j
ℓn
)
n
up to a sign, where a ∤ 6ℓf is an auxilliary ideal and the azℓnf are elliptic
units.
Proof. As E is an abelian variety, the Todd classes vanish and the
following diagram commutes.
H1−2jM (E
−2j, 1− 2j) ρet //
KM

H1−2jet (E
−2j,Qℓ(1− 2j))
Kℓ

H1M(Spec(K(m)), 1− j) ρet // H1et(K(m),Qℓ(1− j))
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By [HK1, Theorem 2.2.4], the e´tale realization of Eisenstein symbol
can be computed in terms of the pullback of the elliptic polylogarithm
sheaf along torsion sections. Indeed,
ρet(ξf(j)) = Kℓ(ρet(E−2j(ρf · fβ))) = Art(ρf)−1 ·N f−2j−1Kℓ(fβ∗PolQℓ)−2j.
Happily, Kings computes this pullback up to a sign for an elliptic curve
over any base [K2, Theorem 4.2.9] using the geometric elliptic polylog
under the assumption that ℓ ∤ f. So we can now consider the action of
the Kronecker map Kℓ on
(3.4)
(fβ
∗PolQℓ)−2j =
±N fj
N a([a]−2jN a− 1)(−2j)!

δ ∑
[ℓn]tn=fβ
aΘE(−tn)(t˜n)⊗−2j


n
which is an element of H1−2jet (E
−2j,Qℓ(1 − 2j)). Here, δ is the con-
necting homomorphism in a Kummer sequence, a ⊂ OK is chosen
prime to ℓf, [a] is the corresponding isogeny, and t˜n is a projection of
tn ∈ E[fℓn] = E[f]⊕E[ℓn] to E[ℓn]. Kings gives the projection map as
a composition
E[fℓn]
Art(ρf)
−1
−→ Art(ρf)E[ℓn] Art(ρf)−→ E[ℓn],
which accounts for the multiplication of his result by N fj above.
For a point t ∈ E[ℓn], we define γ(t)k :=< t,√dKt >⊗k where <,>
is the Weil pairing. Following section 5.1.1 of [K2] we have that
Kℓ(t˜⊗−2jn ) = γ(t˜n)−j = ζ⊗−jℓn and Kℓ([a]−2j) = N a−j,
where ζnℓ = e
2πi
ℓn is the canonical ℓnth root of unity. Note also that
the Artin automorphism Art(a) acts on the space H1(K(m),Qℓ) via
multiplication by N a, and thus on the space H1(K(m),Qℓ(1 − j)) by
N a2−j. We conclude that
ρet(ξf(j)) =
Art(ρf)
−1
N a− σ(a) · N f
−1−j

δ ∑
[ℓn]tn=fβ
aΘE(−tn)ζ⊗−jℓn


n
.
Now, it follows from the proof of lemma 3.10 below that the Kummer
map δ gives an isomorphism OK(m)[ 1mℓ ]×⊗Qℓ(−j) ≃ H1(K(m),Qℓ(1−
j)). In the sequel, we will drop the map δ from our formulas and
consider the equalities as occurring inside of the unit group. As we
consider imaginary quadratic fields with any class number, we need
the following analog of [K2, Lemma 5.1.2].
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Lemma 3.9. For any rational prime ℓ,
∏
l|ℓ
(1− Frob−1l )−1

 ∑
[ℓn]tn=Ωf
−1
f
aΘE(−tn)⊗ ζ⊗−jℓn


n
=
wf
(
TrK(ℓnf)/K(f)aΘE(−sn)⊗ ζ⊗−jℓn
)
n
,
where sn is a primitive ℓ
nth root of fβ.
Proof. Let l be a prime of K and ν = ordl(f). Define tr via the main
theorem of CM so that Frob−rl tr = Ωf
−1
f and write tr = (t˜r, tr,0) ∈
E[lr+ν] ⊕ E[f0] = E[lrf0]. We also abuse notation and write litr for
Frob−il tr. Define a filtration F
• on the set H lr = {lrtr = Ωf−1f } by
F ir := {tr = (t˜r, tr,0) ∈ H lr,t : lr+ν−it˜r = 0}.
The Frobenius at l acts via (Frob−1l )ζ
⊗k
ℓr = ζ
⊗k
ℓr−1 and fixes TrK(lrf)/K(lr−if)aΘE(−sr)
as the Galois group is generated by the frobenius. Thus, we compute
Frob−il TrK(lrf)/K(lr−if)aΘE(−sr)⊗ ζ⊗−jℓr
= TrK(lrf)/K(lr−if)aΘE(−(s˜r, sr,0))⊗ ζ⊗−jℓr−i
= aΘE(−(s˜r−i, sr−i,0))⊗ ζ⊗−jℓr−i .
The second equality follows from the distribution relation for elliptic
units in lemma 3.6. Notice that the elliptic function aΘE does not
change in the distribution relation even though the curve does because
the lattices are homothetic.
The Galois group Gal(K(lr−if)/K(f)) acts transitively on F ir \ F i+1r
with each conjugate appearing wf times. Hence we can write
Frob−il TrK(lrf)/K(f)aΘE(−sr)⊗ζ⊗−jℓr =
1
wf
∑
tr−i∈F ir\F i+1r
aΘE(−(t˜r−i, tr−i,0))⊗ζ⊗−jℓr−i
These elements are annihilated by lr, so summing over i we can take
the limit as r →∞ to get( ∑
lrtr=fβ
aΘE(−tr)⊗ ζ⊗−jℓr
)
r
= wf
(
r∑
i=1
(Frob−1l )
iTrK(lrf)/K(f)aΘE(−sr)⊗ ζ⊗−jℓr
)
r
= wf(1− Frob−1l )−1
(
TrK(lrf)/K(f)aΘE(−sr)⊗ ζ⊗−jℓr
)
r
.
For ℓ inert in K, the lemma is proved, and for ℓ split or ramified in K
we apply the results to TrK(ℓnf)/K(f) = TrK(ℓnf)/K(lnf)TrK(lnf)/K(f). 
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Again, by the main theorem of complex multiplication, Art(ρf)
−1 ·sn
gives a primitive torsion point of 1 mod f on the curve Art(ρf)E with
C/Ωf ≃ Art(ρf)E(C). Therefore, we effectively undo our choice of fβ via
the identity
Art(ρf)
−1
aΘE(−sn) = azfℓn.
In particular, we have shown that the χ component is given by
(3.5)
eχ·ρet(ξf(j)) =
∏
l|ℓ
(1−χ(l)N l−j)−1N f−1−j wf
(−2j)!
(
TrK(ℓnf)/K(f)zℓnfζ
−j
ℓn
)
n
.
where we follow Kato to set zℓnf = (N a− σ(a))−1azℓnf. This completes
the proof of theorem 3.8. 
3.5. Putting it all together. We can now compute the image of the
special value L∗(AM) under the composition ϑℓϑ∞. We begin by study-
ing the complex which computes the cohomology groups of interest. Let
µ = ordℓm be compound notation denoting the following
ℓµ =


l
µ1
1 l
µ2
2 ℓ = l1l2 split
l
µ1
1 ℓ = l
2
1 ramified
ℓµ ℓ inert,
where µ1, µ2 ∈ Z, and we write m = m0ℓµ. We choose a projective
GQ-stable Zℓ[Gm] lattice
T ′ℓ = H
0
et(Spec(K(m)⊗K K),Zℓ) = Tℓ(−j)
in the ℓ-adic realization,
Mℓ(−j) = H0et(Spec(K(m)⊗K K),Qℓ),
define a perfect complex of Zℓ[Gm]-modules,
(3.6) ∆(K(m)) := RΓ(OK [ 1
mℓ
], T ′ℓ(1))
For any finite set of places S of K(m), the Z[Gm] module XS is
defined to be the kernel of the sum map
0→ XS(K(m))→ YS(K(m))→ Z→ 0
where YS(K(m)) :=
⊕
v∈S Z. When there is no confusion we will sup-
press the field.
Lemma 3.10. The cohomology of ∆(K(m)) is given by a canonical
isomorphism,
H1(∆(K(m)) ≃ H1(OK(m)[ 1
mℓ
],Zℓ(1)) ≃ OK(m)[ 1
mℓ
]× ⊗Z Zℓ,
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a short exact sequence,
0→ Pic(OK(m)[ 1
mℓ
])⊗Z Zℓ → H2(∆(K(m)))→ X{v|mℓ∞} ⊗Z Zℓ → 0,
and H i(∆(K(m))) = 0 for i 6= 1, 2.
Proof. By Shapiro’s lemma,
RΓ(OK [ 1
mℓ
], T ′ℓ(1)) ≃ RΓ(OK(m)[
1
mℓ
],Zℓ(1)).
The Kummer sequence
0→ µℓn → Gm ℓ
n→ Gm → 0
induces the long exact cohomology sequence
ℓn→ H i(OK(m)[ 1
mℓ
],Gm)→ H i+1(OK(m)[ 1
mℓ
], µℓn)→ H i+1(OK(m)[ 1
mℓ
],Gm)
ℓn→ .
The Galois cohomology is then computed by the short exact sequences
0→ H0(OK(m)[ 1
mℓ
],Gm)/ℓ
n →H1(OK(m)[ 1
mℓ
], µℓn)
→ H1(OK(m)[ 1
mℓ
],Gm)[ℓ
n]→ 0
0→ H1(OK(m)[ 1
mℓ
],Gm)/ℓ
n →H2(OK(m)[ 1
mℓ
], µℓn)
→ H2(OK(m)[ 1
mℓ
],Gm)[ℓ
n]→ 0
and the canonical isomorphism
H0(OK(m)[ 1
mℓ
], µℓn) ≃ H0(OK(m)[ 1
mℓ
],Gm)[ℓ
n].
The Galois cohomology of OK(m)[ 1mℓ ]× is given by [NSW, Prop. 8.3.10]
H i(OK(m)[ 1
mℓ
],Gm) =
{
OK(m)[ 1mℓ ]× i = 0
Pic(OK(m)[ 1mℓ ]) i = 1,
and H3(OK(m)[ 1mℓ ],Gm)(ℓ) = 0. Moreover, H2(OK(m)[ 1mℓ ],Gm) is ℓ-
divisible (loc. cit. Corollary 8.3.11). Hence, taking inverse limits we
compute that
H i(OK(m)[ 1
mℓ
],Zℓ(1)) =


OK(m)[ 1mℓ ]× ⊗Z Zℓ i = 1
Pic(OK(m)[ 1mℓ ])⊗Z Zℓ i = 2
0 otherwise.

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Remark 3.11. A similar computation is given in [BF2, Prop 3.3] un-
der the condition that the S-restricted class group is trivial. In our
case, since K is a totally imaginary field, the Tate cohomology is just
the usual cohomology with compact supports. Thus the definition of
∆(K(m)) is simplified since Artin-Verdier duality gives
(3.7) RHomZℓ(RΓc(OK(m)[
1
mℓ
],Zℓ),Zℓ)[−3] ≃ RΓ(OK(m)[ 1
mℓ
],Zℓ(1)).
For invertible Zℓ[Gm]-modules, the dual of the inverse module (or
vice versa) is isomorphic to the original module with the action of Gm
twisted by the automorphism g 7→ g−1. We denote the twisted action
with a #. Hence, there is a natural isomorphism of determinants,
DetZℓ[Gm]∆(K(m)) ≃ DetZℓ[Gm]RΓc(OK [
1
mℓ
], T ′ℓ)
#.
Theorem 3.12. The element Aϑℓ(Aϑ∞(L∗(AM, 0)−1))# of
DetAℓ∆(K(m)) =
∏
χ∈Gˆ
(DetQℓ(χ)∆(K(m))⊗Qℓ(χ))
has χ component given by
Rχ,j
(
TrK(fχ,0ℓn)/K(fχ)(azfχ,0ℓnζ
⊗−j
ℓn )
)−1
n
⊗ ζ⊗−jℓ∞ · eχτ0,
where Rχ,j =
∏
p|m0(1 − χ(p)N p−j)−1
[K(m):K(fχ)]
(−2)1+j (N a− χ(a)N a−j) and
ζℓ∞ = (ζℓn)n.
Proof. The dual of the regulator isomorphism
ρ∨∞ : H
0
B(K(m)(C),Q(j))
+ ⊗Q R ∼→ K1−2j(OK(m))∗ ⊗Z R
induces an isomorphism of rank 1 A⊗ R-modules
Aϑ∞ : A⊗Q R→ Ξ(AM)⊗Q R,
where we recall that
Ξ(AM) = (K1−2j(OK(m))∗ ⊗Z Q)⊗H0B(K(m)(C),Q(j))+.
In Theorem 3.3 we proved that for fχ 6= 1,
eχ(ρ∞(ξfχ(j))) =
(−2N f)−1−jΦ(m)
(−2j)!Φ(f) L
′(χ¯, j)ηQ,
where ηQ is a basis of eχ(M
+∗
B ). Moreover, for fχ = 1, we have a
computation via trace maps
eχ · TrK(q)/K(1)ρ∞(wK(1− Frob−1q )−1ξq(j)) =
(−2)−1−jΦ(m)
(−2j)! L
′(χ¯, j)ηQ,
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where we take the primitive L-function for χ. As corestriction com-
mutes with the regulator maps, we will sometimes abuse notation at
write ξ1(j) for a choice of TrK(q)/K(1)qξ1(j).
Since both H0B(K(m)(C),Q(j))
+ and K1−2j(OK(m))⊗ZQ are invert-
ible A-modules duality manifests in terms of the twist g 7→ g−1 accord-
ing to the computation
Ξ(AM)
# = (K1−2j(OK(m))∗ ⊗Z Q)# ⊗ (H0B(K(m)(C),Q(j))+,−1)#
= (K1−2j(OK(m))⊗Z Q)−1 ⊗ (H0B(K(m)(C),Q(j))∗)+
= (K1−2j(OK(m))⊗Z Q)−1 ⊗ Y (−j),(3.8)
where for v a place of K(m)
Y (−j) :=
⊕
v|∞
Q · (2πi)−j.
The Gal(C/R)-equivariant perfect pairing⊕
τ∈T
R · (2πi)j ×
⊕
τ∈T
C/R · (2πi)1−j →
⊕
τ∈T
C/2πi · R Σ→ R
for T = Hom(K(m),C) identifies the Q-dual of H0B(K(m)(C),Q(j))
with
⊕
τ∈T Q · (2πi)−j . Taking invariants under complex conjugation
gives the equality in (3.8). We compute that the χ components of
Aϑ
#
∞(L
∗(AM, 0)−1) = (L∗(AM, 0)−1)#Aϑ∞(1) are given by
(Aϑ
#
∞(L
∗(AM, 0)−1))χ =
(−2N f)−1−jΦ(m)
(−2j)!Φ(f) [ξfχ(j)]
−1 ⊗ (2πi)−jeχτ0.
Denote by ∆(K(m))j the “twist” of the Zℓ[Gm]-module ∆(K(m)). Namely,
∆(K(m))j := (RΓ(OK [ 1
mℓ
], Tℓ).
The natural isomorphism
DetZℓ[G]∆(K(m)) = (DetZℓ[G]RΓc(OK [
1
mℓ
], T ′ℓ)
∗)−1
≃ DetZℓ[G]RΓc(OK [
1
mℓ
], T ′ℓ)
#
induces
DetZℓ[G]∆(K(m))j ≃ DetZℓ[G]RΓc(OK [
1
mℓ
], Tℓ)
#.
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By lemma 3.10 there are isomorphisms in cohomology
H1(∆(K(m))j)⊗Zℓ Qℓ ≃ H1(OK(m)[
1
mℓ
],Qℓ(1− j))
H2(∆(K(m))j)⊗Zℓ Qℓ ≃
(⊕
τ∈T
Qℓ(−j)
)+
with H i(∆(K(m))j) = 0 for i 6= 1, 2.
Thus far, we have shown for fχ 6= 1,
(Aϑℓ ◦ Aϑ∞(L∗(AM, 0)−1))χ =∏
p|mℓ
(1− χ(p)N p−j)−1 (−2N f)
−1−jΦ(m)
(−2j)!Φ(f) ρet(ξfχ(j))
−1 ⊗ ζ⊗−jℓ∞ · σ,
and for fχ = 1, we choose a q | m to show
(3.9) (Aϑℓ ◦ Aϑ∞(L∗(AM, 0)−1))χ =∏
q6=p|mℓ
(1− χ(p)N p−j)−1(−2)1+jΦ(m)ρet(wKξ1(j))−1 ⊗ ζ⊗−jℓ∞ · σ.
Theorem 3.8 states that for any 1 6= f | m,
ρet(ξf(j)) =
N f−1−jwf
(N a− σ(a))∏l|ℓ(−2j)!(1− Frob−1l ) ·
(
TrK(ℓnf)/K(f)azℓnfζ
⊗−j
ℓn
)
n
.
We recall that [K(f) : K(1)] = Φ(f)wf/wK where wK ∈ {2, 4, 6} is
the number of roots of unity in the imaginary quadratic field K, and
wf is the number of roots of unity in K which are congruent to 1
modulo f. For f large enough (at least bigger than 2) this number is
1. Recall that we have chosen m so that wm = 1, so we have that
Φ(m)/Φ(fχ) = [K(m) : K(fχ)]wfχ. What’s more, if (ℓ, f) 6= 1, then by
lemma 3.6,
(
TrK(ℓnf)/K(f)azℓnfζ
⊗−j
ℓn
)
n
=
(
TrK(ℓnf0)/K(f)
(
TrK(ℓn+µf0)/K(ℓnf0)azℓnf
)
ζ⊗−jℓn
)
n
=
(
TrK(ℓnf0)/K(f)azℓnf0ζ
⊗−j
ℓn
)
n
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where µ denotes the compound notation discussed above. Thus for
fχ 6= 1 we have computed the χ-component of the image of the L-
value. When fχ = 1, choose q so that wq = 1 and compute
ρet(wKTrK(q)/K(1)ξq(j))
= wK
1
(N a− Art(a))∏l|ℓ(1− Frob−1l ) · (TrK(ℓnq)/K(1)azℓnqζ
⊗−j
ℓn )n
=
(1− Frob−1q )
(N a−Art(a))∏l|ℓ(1− Frob−1l ) · (TrK(ℓn)/K(1)azℓnζ
⊗−j
ℓn )n.
Substituting the formulas for ρet completes the proof of the theorem.

4. Descent from the main conjecture of Iwasawa theory
4.1. Formulation of the conjecture. We first formulate the 2-variable
main conjecture by considering the tower of ray class fields over K(m)
unramified outside of the primes above ℓ. The Iwasawa algebra
Λ := lim←−
n
Zℓ[Gmℓn ] ≃ Zℓ[Gtormℓ∞ ][[S, T ]]
is a finite product of complete local 3-dimensional Cohen-Macaulay
rings, where Gtormℓ∞ is the torsion subgroup of Gmℓ∞ = lim←−nGmℓn . Λ is
regular if and only if ℓ ∤ #Gtormℓ∞ . In general, this torsion subgroup is
not Gm0ℓ where m0 is the prime to ℓ part of m. (Consider the case that
ℓ | hK .) The elements S, T ∈ Λ depend on the choice of a complement
F ≃ Z2ℓ of the torsion subgroup inGmℓ∞ as well as the choice topological
generators γ1, γ2 of F . The cohomology of the perfect complex of Λ
modules,
∆∞ = lim←−
n
∆(K(mℓn))
is computed by functoriality. By Lemma 3.10, H i(∆∞) = 0 for i 6= 1, 2,
and we have a canonical isomorphism,
H1(∆∞) ≃ U∞{v|mℓ} := lim←−
n
OK(m0ℓn)[
1
mℓ
]× ⊗Z Zℓ,
and a short exact sequence,
0→ P∞{v|mℓ} → H2(∆∞)→ X∞{v|mℓ∞} → 0,
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where
P∞{v|mℓ} := lim←−
n
Pic(OK(mℓn)[ 1
mℓ
])⊗Z Zℓ
X∞{v|mℓ∞} := lim←−
n
X{v|mℓ∞}(K(mℓn))⊗Z Zℓ.
The limits are taken with respect to the Norm maps, which on the
module YS is the map sending a place to its restriction. We also consider
K(mℓn) as a subfield of C and denote the corresponding archimedean
place by σmℓn . Notice that for f0 | m0, the elliptic units azf0ℓn discussed
in section 3.4 form a Norm-compatible system of units. We set
aηf0 := (azf0ℓn)n>>0 ∈ U∞{v|mℓ}
σ := (σmℓn)n>>0 ∈ Y ∞{v|mℓ∞}
We fix an embedding Q¯ℓ → C and identify Gˆ with the set of Q¯ℓ-valued
characters. The total ring of fractions
(4.1) Q(Λ) ∼=
∏
ψ∈(Gˆtor
mℓ∞
)Qℓ
Q(ψ)
of Λ is a product of fields indexed by the Qℓ-rational characters of
Gtormℓ∞. Since for any place w of K, the Z[Gmℓn ]-module Y{v|w}(K(mℓ
n))
is induced from the trivial module Z on the decomposition group Dw ⊆
Gmℓn, and for w =∞ (resp. nonarchimedean w) we have [Gmℓn : Dw] =
[K(mℓn) : K] (resp. the index [Gmℓn : Dw] is bounded as n→∞), one
computes easily
(4.2) dimQ(ψ)(Y
∞
{v|mℓ∞} ⊗Λ Q(ψ)) = 1
for all characters ψ. Note that the inclusion X∞{v|mℓ∞} ⊆ Y ∞{v|mℓ∞} be-
comes an isomorphism after tensoring with Q(ψ), and thus by the unit
theorem
(4.3) dimQ(ψ)(U
∞
{v|mℓ} ⊗Λ Q(ψ)) = 1.
So we have that eψ(aη
−1
m0
⊗ σ) is a Q(ψ)-basis of
Det−1Q(ψ)(U
∞
{v|mℓ} ⊗Λ Q(ψ))⊗ DetQ(ψ)(X∞{v|mℓ∞} ⊗Λ Q(ψ)
∼=DetQ(ψ) (∆∞ ⊗Λ Q(ψ)) .
The last isomorphism follows from the fact that the class group, P∞{v|mℓ}
is a torsion Λ-module. Hence we obtain an element
L := (N a− Art(a))aη−1m0 ⊗ σ ∈ DetQ(Λ) (∆∞ ⊗Λ Q(Λ)) .
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Iwasawa Main Conjecture. There is an equality of invertible Λ-
submodules
Λ · L = DetΛ∆∞
of DetQ(Λ) (∆
∞ ⊗Λ Q(Λ)).
Theorem 4.1. [JLK, Theorem 5.7] The Iwasawa main conjecture holds,
for all prime number ℓ ∤ 6 which are split in K.
Remark 4.2. i) In order to prove the theorem, it is necessary to show
that the µ-invariant of a certain Iwasawa module vanishes. This follows
from a result of Gillard [Gi, 3.4] when ℓ ∤ 6 is split in K. If one were to
prove that the µ-invariant vanishes for non-split ℓ, the Iwasawa main
conjecture would follow immediately.
ii) The statement of the theorem in [JLK] can be rewritten to coincide
with the conjecture above when one notes that
∆∞ = RΓ(OK [ 1
mℓ
],Λ(1)).
4.2. Descent and proof of the main theorem.
Theorem 4.3. The Iwasawa main conjecture implies the local equi-
variant Tamagawa number conjecture for the pair (K(m), Gm) when
j < 0 for every prime p 6= 2.
To prove this theorem we will show that the equality of Λ-modules
in the Iwasawa main conjecture descends to
Aϑℓ ◦ Aϑ#∞(L∗(AM, 0)−1) · Zℓ[Gm] = DetZℓ[Gm]∆(K(m))
in DetQℓ[Gm](∆(K(m))⊗ZℓQℓ). We begin by proving a twisting lemma.
For j ∈ Z we denote by κj : Gmℓ∞ → Λ× the character g 7→ χcyclo(g)jg
as well as the induced ring automorphism κj : Λ→ Λ. If there is no risk
of confusion we also denote by κj : Λ→ Zℓ[Gm] ⊆ Aℓ the composite of
κj and the natural projection to Zℓ[Gm] or Aℓ.
Lemma 4.4. a) For j ∈ Z there is a natural isomorphism
∆∞ ⊗LΛ,κj Zℓ[Gm]→ ∆(K(m))j .
b) On the cohomology groups, the map H i(∆∞)→ H i(∆∞j ) induces
u 7→ (un ∪ ζ⊗−jℓn )n>>0 and s 7→ (sn ∪ ζ⊗−jℓn )n≥0
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where
u = (un)n≥0 ∈ lim←−
n
H1(OK(m0ℓn)[
1
mℓ
],Z/ℓnZ(1)) ≃ U∞{v|mℓ} = H1(∆∞)
and
s = (sn)n≥0 ∈ lim←−Z/ℓ
nZ[Gm0ℓn] · σ = Y ∞{v|∞}
Proof. (As in [F2, Lemma 5.1.3]) The automorphism κj can be viewed
as the inverse limit of similarly defined automorphisms κj of the rings
Λn := Z/ℓ
nZ[Gm0ℓn]. Let fn : Spec(OK(m0ℓn)[ 1mℓ ]) → Spec(OK(m)) be
the natural map. The sheaf Fn := fn,∗f ∗nZ/ℓnZ is free of rank one
over Λn with π1(Spec(OK(m)))-action given by the natural projection
GQ → Gm0ℓn , twisted by the automorphism g 7→ g−1. There is a Λn-
κ−j-semilinear isomorphism twj : Fn → Fn(j) so that Shapiro’s lemma
gives a commutative diagram of isomorphisms
(4.4)
RΓc(OK(m),Fn) tw
j−−−→ RΓc(OK(m),Fn(j))y y
RΓc(OK(m0ℓn)[ 1mℓ ],Z/ℓnZ)
∪ζ⊗j
ℓn−−−→ RΓc(OKm0ℓn [ 1mℓ ],Z/ℓnZ(j)),
with the horizontal arrows Λn-κ
−j-semilinear. Taking the Z/ℓnZ-dual
of the lower row (with contragredient Gm0ℓn-action), we obtain a # ◦
κ−j ◦# = κj-semilinear isomorphism
RΓ(OK(m0ℓn)[
1
mℓ
],Z/ℓnZ(j))→ RΓ(OK(m0ℓn)[
1
mℓ
],Z/ℓnZ).
After passage to the limit this gives a κj-semilinear isomorphism ∆∞ ≃
∆∞j , i.e. a Λ-linear isomorphism ∆
∞⊗Λ,κjΛ ≃ ∆∞j . The part a) follows
by tensoring over Λ with Zℓ[Gm]. For b), consider the inverse map of
the lower row of (4.4) on the degree two cohomology given by
H2c (OK(m0ℓn)[
1
mℓ
],Z/ℓnZ)
∪ζ⊗j
ℓn← H2c (OK(m0ℓn)[
1
mℓ
],Z/ℓnZ(j)).
Artin-Verdier duality says that
H ic(OK(m0ℓn)[
1
mℓ
],Z/ℓnZ(j))∨ = H3−i(OK(m0ℓn)[
1
mℓ
],Z/ℓnZ(1− j)).
Thus we have a dual map which is a κj semi-linear isomorphism.
H1(OK(m0ℓn)[
1
mℓ
],Z/ℓnZ(1))
∪ζ⊗j
ℓn→ H1(OK(m0ℓn)[
1
mℓ
],Z/ℓnZ(1 − j)).
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Moreover, we have a similar diagram to (4.4) on the level of sheaves
where the lower row is obtained by taking invariants under complex
conjugation
(4.5)
Fn tw
j−−−→ Fn(j)y y
H0(K(m0ℓ
n)⊗ R,Z/ℓnZ) ∪ζ
⊗j
ℓn−−−→ H0(K(m0ℓn)⊗ R,Z/ℓnZ(j)).
Again using the inverse map and taking the Z/ℓnZ dual, we again have
a κj-semilinear isomorphism given by the cup product with ζ⊗−jℓn
Λn · σ 7→ Λn · σ ∪ ζ⊗−jℓn .
Taking inverse limits, we have part b). 
We follow with the proof of Theorem 4.3.
Proof. As ∆(K(m))j is a rank 1 Zℓ[Gm]-module, the image of L ⊗ 1
is a basis of the lattice. It suffices to compare this image with Aϑℓ ◦
Aϑ
#
∞(L
∗(AM, 0)−1) inside of the rational space ∆(K(m))⊗Zℓ Qℓ which
is a rank one module over Aℓ and thus splits over the Qℓ-rational char-
acters χ of Gm. Thus, it suffices to show that
(Aϑℓ ◦ Aϑ∞(L∗(AM, 0))χ = (Lm,j)χ.
for every Qℓ-rational character χ of Gm, where (Lm,j)χ is the image of
L in ∆(K(m))j ⊗Qℓ(χ). Let q = qχ,j be the height 2 prime of Λ given
by the kernel of the composite ring homomorphism
χκj : Λ
κj→ Λ→ Zℓ[G(m)] ⊆ Aℓ → Qℓ(χ).
R := Λq is a regular local ring of dimension 2 with residue field k :=
Qℓ(χ). Let ∆ be the module ∆
∞
q over the localized ring R. To indicate
the ℓ-divisibility of m and fχ, we continue with the compound notation
above
m = m0ℓ
µ and fχ = fχ,0ℓ
µ′ ,
where (m0, ℓ) = (fχ,0, ℓ) = 1. For ℓ = l1l2 split, ℓ
µ = lµ11 l
µ2
2 , and for
ℓ = l21 ramified, ℓ
µ = lµ11 where µ1 and µ2 are integers. By the Iwasawa
Main Conjecture, we can consider L to be a basis of the R-module
(DetΛ∆
∞)q which is isomorphic to DetR∆ since localization is exact.
Lemma 4.4 gives the following isomorphism of complexes of R-modules,
∆⊗LR k ≃→ ∆(K(m))j ⊗Zℓ[Gm] k.
Lemma 4.5.
H i(∆⊗LR k) ≃ H i(∆)⊗R k.
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Proof. Indeed, if (x, y) is a regular sequence for R, then the Koszul
complex is the resolution
0→ R (
x
y)→ R⊕R (y,−x)→ R→ k → 0.
Thus, the homological spectral sequence for Tor degenerates to give an
isomorphism
H2(∆⊗LR k) ≃ H2(∆)⊗ k
and in degree 1 an exact sequence
0→ Tor2(H2(∆), k)→ H1(∆)⊗k → H1(∆⊗LRk)→ Tor1(H2(∆), k)→ 0.
Now, the second degree cohomology is given by an exact sequence where
the quotient is a free module (lemma 3.10)
0→ P∞{v|mℓ} → H2(∆∞)→ X∞{v|mℓ∞} → 0.
Again, localization is exact, so we must show that the higher torsion
groups of the localized class groups are zero. As R is a 2-dimensional
local ring, the localization Rπ at a height 1 prime is a DVR, and the
image of aηfχ,0 in H
1(∆)π is non-zero because of its relationship to the
non-vanishing L-value. Then, by [JLK, Section 5.5] , the fitting ideal
of (P∞q )π vanishes, and so by Nakayama’s lemma does P
∞
q . 
By lemma 4.5 the isomorphism of determinants
φ : Detk(∆⊗LR k)→ Detk(∆(K(m))j ⊗Zℓ[Gm] k)
can be computed as a map on the cohomology groups
φ :
2⊗
i=1
H i(∆)⊗ k →
2⊗
i=1
H i(∆⊗LR k)
→
2⊗
i=1
H i(∆(K(m))j)⊗Qℓ[G] k.
To compute φ(L⊗ 1), we consider the elements aηm0 and σ indepen-
dently. Recall that for an ideal d | m0
Nd :=
∑
τ∈Gal(K(m0)/K(d))
τ.
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When fχ,0 | d, Nd is invertible is the ring R since χ(Nd) = [K(m0) :
K(d)]. Thus, in the localized module ∆, the norm compatibility prop-
erties of the elliptic units give the equality
aηm0 =N
−1
fχ,0
Nfχ,0aηm0
(4.6)
=N−1fχ,0
∏
p|m0,p∤fχ,0
(1− Frob−1p )(wm0/wfχ,0)aηfχ,0
=(wm0/wfχ,0)

 ∑
τ∈Gal(K(m)/K(m0ℓµ′ ))
τ



 ∑
τ∈Gal(K(m)/K(m0ℓµ′))
τ


−1
N−1fχ,0
∏
p|m0,p∤fχ,0
(1− Frob−1p )aηfχ,0
=
( wm0ℓµ′
wfχ[K(m) : K(fχ)]
)
TrK(m)/K(m0ℓµ′ )
∏
p|m0,p∤fχ,0
(1− Frob−1p )aηfχ,0 .
The last equality in (4.6) can be deduced from the diagram of fields
below.
K(m0ℓ
µ′)
w
m0ℓ
µ′
wfχ,0
wm0
wfχ
K(m0)K(fχ)
♣♣
♣♣
♣♣
♣♣
♣♣
♣
▼▼
▼▼
▼▼
▼▼
▼▼
K(m0)
◆◆
◆◆
◆◆
◆◆
◆◆
◆
K(fχ)
qq
qq
qq
qq
qq
K(fχ,0)
Thus, by Lemma 4.4
φ(aηm0) =(wm0ℓµ′/wfχ)[K(m) : K(fχ)]
−1 ∏
p|m0,p∤fχ,0
(1− χ(p)N p−j)
· TrK(m)/K(m0ℓµ′ )(TrK(m0ℓn)/K(m)azfχ,0ℓn ⊗ ζ⊗−jℓn )n
=[K(m) : K(fχ)]
−1 ∏
p|m0,p∤fχ,0
(1− χ(p)N p−j)
(TrK(fχ,0ℓn)/K(fχ)azfχ,0ℓn ⊗ ζ⊗−jℓn )n.
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The second equality follows from a similar diagram of fields
K(m0ℓ
n)
wfχ
w
m0ℓ
µ′
K(m0ℓ
µ′)K(fχ,0ℓ
n)
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
K(m0ℓ
µ′)
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
K(fχ,0ℓ
n)
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
K(fχ)
where we recall that we take m and n to be large enough that wm0 = 1
and wfχ,0ℓn = 1. For the second degree cohomology, the situation is
somewhat more simple. Indeed, by lemma 4.4,
φ(σ) =eχ(σm ⊗ ζ⊗−jℓn )n
=eχσm ⊗ ζ⊗−jℓ∞ .
Recalling that σm was our fixed choice of embedding τ0 and multiplying
by N a− σ(a), we see that in fact
(4.7) φ(L) = [K(m) : K(fχ)]
∏
p|m0,p∤fχ,0
(1− χ(p)N p−j)−1
(TrK(fχ,0ℓn)/K(fχ)zfχ,0ℓn ⊗ ζ⊗−jℓn )−1n ⊗ ζ⊗−jℓ∞ · eχτ0.
Since χ(p) = 0 for p | fχ and 2 is a unit Λq we have proved that
φ(L⊗ 1) = (Aϑℓ ◦ Aϑ∞(L∗(AM, 0)−1))#. By its relation to the L-value
established in theorem 3.12, the image of (N a− σ(a))−1aηm0 does not
vanish and thus is a basis of H1(∆(K(m))j) ⊗ Qℓ(χ). Further, the
image of σ is a basis of H2(∆(K(m))j)⊗ Qℓ(χ), completing the proof
of the theorem. 
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